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ABSTRACT 
A mathematical model has been developed for analyzing 
the motion of the emulsion and gas phases as a spherical 
bubble moves upward through a fluidized bed and erupts at 
the free surface. The model is an extension of the 
Davidson theory for a bubble in an infinite bed,modified 
to include dynamic 
surface and the 
and kinematic conditions 
upward motion of the 
at the free 
bubble. The 
resulting set of equations was solved numerically using a 
combination of finite element and finite difference 
techniques. 
Solutions were obtained for a fast bubble, where 
Vb=0.102 mis and Ue=0.0073 m/s. The particle and 
gas velocities, the pressure gradients, and the shape of 
the free surface all were calculated for the advancing 
bubble. When the bubble is on the verge of erupting, the 
model predicts a peak in gas velocity through the top of 
the bubble at a position displaced from the vertical 
centerline through the bubble. The results also indicate 
that the gas flow rate through the bubble !creases sharply 
as the bubble erupts. 
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INTRODUCTION 
Fluidization is a phenomenon which occurs when a gas 
is forced through a bed of particles, producing a 
liquid-like state. When the velocity of the fluidizing gas 
is increased to the level where the frictional force which 
the fluidizing gas exerts on the particles is equal to the 
weight of the particles, minimum fluidization occurs. At 
this state, the bed of particles is referred to as an 
incipiently fluidized bed. If the fluidizing gas flow rate 
is increased past this point, the excess gas passes 
through the bed of particles in the form of voids, or· 
bubbles, and the bed may be termed a bubbling fluidized 
bed. These descriptions and other terminology are 
illustrated in Figure 1. 
Numerous uses and applications of fluidized beds are 
now in practice since their introduction 
first s1gn1ficant conunercial application 
These range from the gasification of coal 
as part of the 
in 1922 [1]. 
and catalytic 
cracking to surface coatings and casting of engine blocks. 
Various characteristics of fluidized beds, for example the 
liquid-like flow of particles, rapid mixing of solids, and 
high heat and mass transfer rates, make its . .versatili~y 
and wide range of application possible. 
Despite the wide use of fluidized beds and the 
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Figure 1. -Illustration of some basic fundamentals of fluidization. (A.) Incipiently Fluidized Bed, and (B.) Bubbling Bed 
numerous studios investigating their unique 
charactcr1st1cs, many areas exist in wnich understanding 
is limited, with little bc1ng known of the actual physical 
mechanisms. One such area is elutriation. This mechanism 
consists ot the select1ve removal of fines from a bed 
containing a mixture of particle sizes. 
The study of particle elutriation is important to 
many practical applications of fluidization. Particle loss 
from the system may lead to a significant reduction in 
system performance and/or increase costs. An example is 
the use of fluidization for the combustion of coal, where 
particle loss lowers combustion efficiency. !n addition, 
extending the freeboard height to keep entrainment at an 
absolute minimum may lead to undesirable secondary 
reactions in the freeboard, as is the case with the 
thermal 
physical 
cracking of naptha. Clearly, knowledge of the 
mechanisms governing elutriation would be 
advantageous. 
The elutriation process consists of bubble eruption 
and transport of particles above the bed surface. Though 
previous studies concerning bubble eruption and particle 
transport in the freeboard have led to correlations of 
elutriation rates versus bed characteristics, in general 
they have --·not advance·d t:tte basic· understanding ··-of .... the···-
physical mechanisms of elutriation. Dille [2] summarizes 
the previous experimental work on elutriation. However, 
4 
recent oxperimontal studies have focused on the bubble 
erupt1on process, leadinq to the discovery of four 
particle e1ection mechanisms (2) and some 1ns1qhts into 
the characteristics of the qas flow above the bed in the 
v1cinity of an eruptinq bubble (JJ. 
Mathematical study of the elutriation process should 
parallel this experimental work. Although the fluid 
mechanics of the single rising bubble in an infinite bed 
has received much attention (4J, this writer is aware of 
only one publication to date, that of Blake (SJ,which has 
undertaken the study of the fluid mechanics of a single 
rising bubble at the free surface. This present study was 
engaged in as a result of this absence in fluidization 
research. The mathematical investigations ot which this 
study consists include the particle and fluidizing gas 
motions in the immediate area of the single erupting 
bubble. The results of this study, coupled with those from 
the experimental studies, are intended to contribute to 
the present knowledge of elutriation. 
5 
~J:SGROUND THEORY 
£arl1er work in the field of fluidization has 
centered around a single r1s1nq bubble in an 1nfinite bed. 
This work includes that of Oav1dson (6J, Jackson (7], 
Murray [BJ, Stewart [9J, Pritchett, et al. {10], and most 
recently Blake [5J. Other fluid mechanics work includes 
the study of coalescing bubbles by Toei, et al. [llJ and 
Muchi, et al. {12J. 
These studies have advanced the understanding of 
particle, bubble, and gas motion deep within a fluidized 
bed, and have laid the foundation for analysis of the 
benavior of these same characteristics at the bed free 
surface. 
Davidson developed the original theory to model the 
fuid mechanical behavior of a single rising bubble in a 
fluidized bed. Because of its simplicity and agreement 
with actual behavior, Davidson's model serves as the basis 
for the model described later in this study. Therefore, a 
general development of the Davidson model follows. 
The Davidson model is established on the basis of 
three fundamental assumptions. First, a void, or bubble, 
exists which is free of solids and is spherical in shape. 
Second, all particle-particle interactions are excluded, 
and fluid viscosity effects are considered negligible in 
6 
comparison to the particle effects. Third, the bulk 
density of the emuis1on 1s taken to be constant throughout 
the bed, and 1s equal to the bulk dens1ty of the bed at 
minimum fluidization conditions. 
One important consequence of Davidson's assumptions 
is the particles move around the rising bubble as an 
incompressible, 1nviscid flu1d. Consequently, potential 
flow theory may be used to determine the particle motion. 
A fur~her consequence of these assumptions establishes the 
relationship between the particles and fluid; Davidson 
stipulated that the relative velocity between the 
particles and the fluid is proportional to the fluid 
pressure gradient. This is a form of Darcy's law for flow 
through a porous medium. 
Armed with these assumptions, Davidson was able to 
arrive at an analytic solution for a single rising bubble 
in an infinite bed. The geometry and coordinate system 
used for this solution are shown in Figure 2. The 
derivation of his model and solution follow. 
Assuming incompressible and irrotational motion of 
the particulate phase: 
V•v = 0 -v~ = v v2m = 0 
- ' 't' - J 't' ( 1 ) 
where v is the particle velocity and ~ is its 
potential. For the case of a stationary three dimensional 
bubble, the solution for the velocity potential is: 
7 
X 
Fi~ure 2. - A single rising bubble used in Davidson,s 
bubble analysis for the axisymmetric, 
three dimensional case. 
8 
(2) 
'l'be continuity equation expressed for the flU1di11ng gas 
ia: 
V•v • 0 (J) 
'l'be divergence of Darcy's law results in the following: 
v2p • lcv• v - v• ,a) k • .. (4) 
where pis the pressure of the fluid1zing gas and k is the 
permeability constant. Comb1ning equat1ons (1) and (J) 
with (4) results in the following express1on for p, which 
is independent ot the particle mot1on: 
(5) 
By using the boundary conditions that: 1.) the 
pressure in the bubble is constant, and 2.J the pressure 
gradient far away from the bubble is constant and equal to 
the hydrostatic pressure of the particulate phase, 
Davidson showed that the pressure distribution for the 
. three dimensional case is: 
(6) 
The velocity of the fluidizing gas is now a direct outc~me 
of Darcy's law: 
~ = y-k'vp (?) 
9 
See Davidson (6) for the details of the component 
expressions for the gas velocity. 
This account of Davidson's work swmaarizes the 
important aspects of his model. It provides the necessary 
background for this study to build a model of an erupting 
bubble at the free surface of a fluidized bed. 
10 
PRESENT THEORY 
This study presents an extension of Davidson's rising 
bubble analysis to an erupting bubble at the bed free 
surface. The desired unknowns are the same as those deep 
within the bed, that is, the velocities of the particles 
and the fluidizing gas. However, in addition to these, the 
shape of the free surface is also of great importance, 
since the location of the particles at the surface will 
aid in understanding the elutriation process. 
Figure 3 defines the coordinate 
illustrates 
coordinate 
the geometry. A circular 
system with the longitudinal axis 
the vertical direction was 
direction of bubble motion. 
change occurs in any of the 
used. Positive 
This study will 
unknowns in the 
system and 
cylindrical 
aligned in 
z is the 
assume no 
tangential 
direction, resulting in a three dimensional, axisymmetric 
problem. 
Simplifications are also required for some of the 
fluidized bed characteristics. The bubble is assumed to 
have a constant circular cross-section, thus making it a 
sphere. Although experimental evidence shows that rising 
bubbles t'ake the shape··of a spherical cap, the assumption 
that the void is a sphere will serve to establish the 
11 
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Figure J. -A single rising bubble described in 
an axisymmetric, cylindrical 
coordinate system. 
present model and will closely follow actual behavior 1n 
the upper hemisphere. As the bubble r1ses through the bed, 
the bubble velocity is assumed to be constant with only a 
vertical component. When the bubble is deep within the 
bed, the free surface is assumed to be flat and at rest. 
The density of the particulate phase needs to be 
examined. At minimum fluidization conditions, the density 
is normally assumed to be constant. When the gas flow is 
increased and voids are introduced into the bed, this 
condition is no longer valid. One known deviation from 
this is a narrow region of changing porosity around the 
bubble. However, other researchers have stated that this 
change is small, and the particle motion is essentially 
comparable to an incompressible fluid (9j,[4). 
In this analysis, the shape of the bubble is assumed 
to be spherical throughout the entire bubble rise to the 
surface. Also, any change in the density and expansion of 
the bulge layer is neglected. The bulk density will be 
assumed to be constant throughout the bed, with a value 
equal to that at minimum fluidization conditions. 
In addition to these, assumptions concerning the 
particle-particle interactions need to be discussed. In 
the gas-solid two-phase flow system of fluidization, 
P =Pf+ Pp ( 8) 
1J 
where P,Pf, and Pp are the total, fluidizing gas 
and particle pressures respectively. The pressure due to 
particles, or the particle-particle interactions, shall be 
neglected in this study. This is equivalent to stating 
that the particulate phase may be considered an inviscid 
fluid. 
Justification for this assumption comes from previous 
work. Davidson (6) compared the total pressure calculated 
by the Bernoulli equation, to the pressure due to the 
fluidizing gas calculated using his model, and concluded 
that the pressure due to the particles is small enough 
that it is valid to assume that it is negligible. Jackson 
(71 also stated that direct particle interaction by 
contact may be neglected, since there is no observed 
experimental effect and since analyses neglecting this 
factor have 
fluidization 
given a 
phenomena. 
good qualitative account of 
And although Schgerl, et al. 
showed that the effective viscosity of the particulate 
phase is substantial (13), Stewart points out that all of 
the major bubble analyses assume the particulate phase to 
be inviscid (9). 
These assumptions and simplifications presented so 
far are equivalent to those contained in Davidson's bubble 
analysis. Thus, it follows that the initial equations of 
motion are the same equations of motion used by Davidson, 
14 
and are rewritten here: 
V•y • 0 
V • y-kVp 
(9a) 
(9b) 
( 9c) 
However, these equations only represent a start to define 
the erupting bubble problem and do not represent the total 
statement of the problem. Additional equations are 
necessary to account for the approach of the bubble toward 
the free surface and the deformation of the free surface. 
The problem is thus seen to be time-dependent. 
Due to the moving bubble, one of the new conditions 
will need to describe the changing shape of the free 
surface. 
kinematic 
This can be obtained by establishing the 
condition on the surface. The following 
derivation is based on the surface wave found in 
Milne-Thomson [15). Referring to Figure 4, the equation 
of the surface is: 
z-zo-n = 0 
Since the surface moves with the particles: 
.!Le z-zo-n) = 0 Dt 
(10) 
(11) 
Noting that zo does not vary with respect to r,z, or t, 
and that both z and n are functions of r and t, the 
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following is the result: 
Oz. Ori 
De tit (12) 
Dz/Dt may be identified as the velocity of the particles 
on the surface, vz, and Dn/Dt may be expanded to 
arrive at the following kinematic condition on the free 
surface: 
(lJj 
Another condition needed to complete the model comes 
from a dynamic condition on the bed free surface. This 
will provide an opportunity to specify the particle 
velocity potential on the free surface. Turning again to 
surface wave theory, the dynamic condition on the free 
surface is a consequence of the unsteady Bernoulli 
equation applied on the free surface. As shown in 
Milne-Thomson (15], the unsteady Bernoulli may be written: 
..E. + ~(v•v) + oz - a$= F(t) ? ~ . 0 dt ( 14) 
Now, let any transient part of F be incorporated into ~' 
which will remain dependent on time. Applying this 
equation to the free surface means p=p0 and z=zo+n, 
so that: 
17 
(15) 
Determination of Fis accomplished by applying the initial 
condition, which is: when t=O, n=O and ~=del(~)=O. 
This leads to: 
Upon substitution 
F • ,22 + g(ZO) p 
into equation 
(16) 
(15), the dynamic 
condition on the bed free surface takes its final form: 
(17) 
In order to complete the present model, it is 
necessary to couple the bubble with the free surface. This 
is accomplished by the application of the unsteady 
Bernoulli equation from the surface to the bubble. Using 
equation (14), the final equation to complete the model 
description is: 
In summary, the preceding analysis derives the 
mathematical relations which describe tha particle and gas 
flows in the vicinity of an erupting bubble. Using 
Davidson's rising bubble analysis as a start, and deriving 
the additional equations necessary to incorporate the bed 
free surface, the governing equations are: 
18 
V•y • 0 
V•~ • 0 
y • y - kVp 
(19a) 
(19b) 
(19c) 
(19d) 
( 19e) 
To perform the numerical analysis, these equations 
will be used in a slightly different form. The velocity 
potential will be used to determine the particle motion, 
and the pressure distribution will be calculated using 
equation (5). Thus, the governing equations become: 
v•y = o 
v2p = o 
Po - P5 = ls>(y•yls - Y0 Ylb) + pg(zs - zb) + p(~tlo - ftls> 
!: = y - kVp 
I _ v I an + an vz s - r s Tr at 
(20a) 
(20b) 
(20c) 
(20d) 
(20e) 
(20f) 
(20g) 
Another useful manipulation of these equations is to 
render them dimensionless. 
quantities have been selected: 
The following reference 
length 
v~locity 
pressure 
bUbble diameter, db 
bUbble velocity, vb 
. 
undisturbed pressure, 
Ps(l - £mf)dbg/g, 
These produce the following dimensionless variables: 
Finally, the following set of equations govern the fluid 
mechanics of an erupting bubble: 
7•Y = o, -v~ = y, v2~ = o 
V•Y = 0 
172p = 0 
Pb-Ps= ~Frd«Ys·Ys> - (Yb 0 Yb)) + (Zs - Zb) + (Frdc:;1b.,. ;;ls> 
·. 2 Fr0 = vb /dbg 
U = V - U 17P 
- - e 
v I - aav I + aH 
z s - aR R s a·r 
~cv•v)I + H/F a - a,= o 
~-- s r dT" 
(21a) 
( 21 b) 
( 21c) 
(21d) 
(21e) 
(21f') 
(21g) 
(21h) 
( 21 i) 
Equation (21) is the mathematical model presented by this 
author which describes the rising bubble at the free 
surface of a fluidized bed. 
20 
The equat1ons above contain two dimensionless 
parameters. The first 1s a Froude number where the inertia 
term is based on the bubble velocity and the gravitional 
term is based on the bubble diameter. The second parameter 
may be cons1dered a dimensionless interstitial gas 
velocity. This ratio was first used in a different form by 
Davidson. For further details on the derivation of this 
parameter, see the Appendix. 
21 
NUMERICAL FORMULATIONS 
model has been 
fluid mechanic 
Up to this point, a mathemat1cal 
derived which describes the proolem of the 
behavior of a fluidized bed as a oubble 
free surface. The purpose of this cnapter 
the numerical details requ1red to solve 
equations derived in the previous chapter. 
approaches the 
is to discuss 
the set of 
The hardest part in finding a solution to this set of 
equations is solv1ng Laplace's equation. Recall that 
Laplace's equation, a second order elliptic type 
differential equation, is the governing equation for both 
the particle motion and the pressure distribution. 
Analytic solutions for Laplace's equations do exist, 
but only for well-defined problems with specific boundary 
conditions. The nature of the problem of a rising bubble 
at the free surface in a fluidized bed makes it impossible 
to find an analytic solution to Laplace's equation. This 
is fully recognized by the irregular boundary conditions 
and the complexity of the shape of the domain. Thus, a 
numerical approximation of the solution is required. 
Elliptic type differential equations are the subject 
of many studies on 
numerical techniques 
numerical analysis. However, several 
are available at this time which are 
22 
able to solve Laplace's equat1on to the required degree ot 
accuracy. These include the finite difference, the finite 
element and the boundary integral methods. All have proven 
to provide adequate solutions to Laplace's equation for 
certain conditions. 
~he finite element method was selected for this 
application after reviewing the three methods. The 
boundary integral method is the newest of the three, but 
has less literature support on the subject. The finite 
difference and the finite element methods are both well 
supported, and both are equivalent in their solution 
accuracies when properly applied. However, the finite 
element method exhibits greater flexibility when curved 
boundaries are present, as is true in this study. This 
flexibility results from use of the isoparametric element 
family. These elements may have irregular shapes, as well 
as curved sides. The features are built into the elements 
through their mathematical derivations, producing a 
simpler method to solve the irregular domain problem. 
Thus, the finite element method was selected to 
numerically solve Laplace's equation. 
The finite element method has not been a commonly 
used numerical method for fluid mechanic problems. 
Desp.!. te this, its applicability to the potential problem 
defined by Laplace's equation is straight-forward and 
2J 
well-posed. The derivation of the fin1te element method to 
tne potential problem follows. 
Before outlining the mathematical foundation required 
to solve the potential flow problem, the element used in 
the analysis is examined. The element group selected for 
this study is the isoparametric family of elements. This 
qroup was selected for several reasons. First, these 
elements allow the user to specify an irregular boundary 
and domain. Second, the numerical integration and the 
matrix inversion requirements inherent in the finite 
element scheme are kept as simple as possible, eliminating 
the need for extravagant and complex numerical procedures 
for solving the finite element equations. Last, the 
characteristics of the isoparametric family enable the 
user to change the density of the elements within the same 
domain very easily. 
A variety of element configurations exists within the 
isoparametric family of elements. Based on previous 
experience, this author elected to use the parabolic 
quadrilateral element, or the Quad-8 element. This element 
has four sides and eight nodes: one at each corner and one 
at each midside. Due to the parabolic nature of the 
element, the Quad-8 element is able to have curved sides. 
Also, the Quad-8 element has no restrictions on its shape; 
it may take the shape of any quadrilateral. These fe~tures 
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make the element very flexible and des1rable. 
The mathemat1cal foundation of the fin1te element 
method may be based on var1ational calculus. This is 
convenient in the case of the potential flow problem. The 
development outlined below is based on Huebner•s 
discussion of the potential flow problem (16). 
Recall that the governing equation is Laplace's 
equat1on, which is repeated here for convenience, with f 
representing the variable of interest, either velocity 
potential or pressure: 
v2f • o ( 22) 
This equation represents the governing equation in the 
axisymmetric domain shown in Figure 5. The boundary 
conditions for this problem may be written in general form 
as: 
M+g=O d·; 
(2Ja) 
(2Jb) 
Through the princi?les of variational calculus, the 
function f(r,z,8), which satifies the preceeding 
equations, can also be shown to minimize the functional: 
(24) 
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Notice that this is written in three-dimensional 
cylindrical coordinates. Since this problem is assumed 
axisymmetric, 8 may be integrated to obtain: 
I• 2~//~((it)Z + <if>i)RdRdl + 2~/gfRdl (25) 
The finite element method then discretizes the variable of 
interest by writing: 
f • (N){f} (26) 
In this expression, {f} is the value of the desired 
variable (velocity potential or pressure) at the nodal 
locations, and (NJ is a matrix of shape functions. The 
Quad-8 element discussed earlier is taken into account in 
this expression. Thus, the functional becomes: 
I - 2rr/JL((Jl~))a(N){f}2 + (a(N))a(N){f}2)RdRdZ + 2rr/(N)g{f}Rdl 1 27) 
- '2 aR aR az az 
since [NJ only, and not {f}, is a function of Rand z. 
Minimization of this functional provides the following 
result: 
//((a~:))a~~){f} + ca~~))-*{f})RdRdZ + /(N)gRdl = O (28) 
Here, it is noted that R=[N]{R}, where {R} are the 
horizontal locations of the nodes of the element in 
question, corresponding to the appropriate [NJ. 
This expression may be placed into a standard 
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format. Thus, usinq matrix algebra notation, it 1• 
observed that if: 
CK> • 11cc0~~>>tcaJ:>, + c~~~>,cc 3!~>»RdRdZ (29) 
and: 
(c} • /g(N)Rdl (JO) 
this.formulation fits the standard format: 
(k){f} + {ci • O ( Jl) 
Further manipulations are required on each term in 
equation (31). First, examine the matrix (KJ. By making 
use of the isoparametric formulation, it is desirable to 
transform equation (29) from the global coordinates (R,Z) 
to a local coordinate system ( ~,n). Refer to Refer to 
Figure 6. This is accomplished by the transformation 
{R,Z}=[NJ{~,n}. This leads to a transformation for the 
shape function derivatives: 
a(N) _ r a(N) + r a(N) aR - I l""'ar l 2""Trj"" 
a(N) _ r a(N) + r a(NJ az - 21~ 22 an 
and the variables of integration: 
RdRdZ = Rdet(J)d,dn 
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In these expressions, {JJ is the Jacobian matrix, where 
Jll, J12, J21, and J22 are its components, and [r] is its 
inverse, with its components r11, r12, r21, 
and r 22 • This results in the following expression for 
[KJ: 
Notice that the limits of integration for both t and n are 
from -1 to +1. 
The matrix {CJ is a result of the boundary conditions 
and may also be transformed to local coodinates for ease 
in integration. Using the Jacobian transformation, 
Zienkiewicz gives the appropriate 
transformed surface integral [17]: 
constant n: dl = (.~{ + #)d~ 
constant~: dl = (aR + ~Z)dri 
aT] OT] 
expressions for a 
{J.?a) 
(J5b) 
Noting that the partial derivatives are elements of the 
Jacobian, the term involving the boundary conditions may 
be written for when n=constant=g, as shown in Figure 7.a: 
(J6) 
JO 
This term may also be written for (=constant=q, as shown 
in Figure 7.b: 
(37) 
Equations (31),(34),(36}, and (37) are the finite 
element formulation for the potential problem. They 
represent an approximate solution to Laplace's equation at 
the discrete points in the domain. Equation (Jl) is a 
system of algebraic equations which must be solved 
simultaneously in order to determine the values of {f}. 
The finite element method, then, produces approximate 
values of the desired variable at a specified number of 
discrete points throughout the domain. 
The domain used in the finite element approximation 
needs to be considered. One of the assumptions made in the 
theoretical development of the model is the domain is 
semi-infinite, that is, the fluidized bed is infinite in 
all directions except the positive z direction, which is 
finite due to the free surface. The finite element method 
must have a finite domain in all directions. Thus, the 
semi-infinite domain of the theoretical formulation must 
be made a finite domain in the numerical formulation. 
The procedure used to convert the domain to a finite 
one consisted of approximating the conditions at infinity 
with those at some finite distance. This approximation is 
Jl 
\.,J 
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Figure 7, -The two configurations for the edges of elements on 
a boundary. (A.) Tj is a constant, and (B.) ~ is 
a constant. 
allowed to an acceptable tolerance from the condition at 
infinity. An illustration of what has been described above 
1s given in Figure a. This subject is addressed again in 
more detail in a later chapter. 
One other need tor a numerical approximation occurred 
with the requirement for the derivative of ff with respect 
to Ron the surface. This term 1s used in equation (21h). 
Ordinarily, given the values of a function at discete 
points poses no problems for numerical differentiation 
using some finite difference technique. However, the value 
of the function of which the derivative is desired, ff, is 
known only at the nodal locations from the finite element 
mesh. Due to the nature of the Quad-8 element, the mesh 
generation, and the curved bed free surface, the nodal 
points are not spaced uniformly. Thus, most readily 
available numerical techniques cannot be used since they 
require uniform spacing between function values. 
The first attempt to overcome this problem was to try 
to use a curve fitting technique to produce a polynomial 
expression of H as a function of R, then take the 
derivative of that expression, and finally substitute the 
appropriate values of R, resulting in the required 
derivatives of H. The advantage of this method is that the 
resulting expression is continuous. This method enjoyed 
some success while the surface was still relatively flat, 
JJ 
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Figure 8. -Domain of t~~)rising bubble, (A) Semi-infinite domain, (B) Finite domain used in the finite element modeling, 
34 
but as it became more disturbed, the method began to fail. 
Thus, the curve fitting method was abandoned. 
Subsequent investigation into the finite difference 
techniques for numerical differentiation produced a method 
in which random spacing between the points is allowed. 
This method consists of three point formulae which are 
derived from the general expressions for finite 
differencing. The formulae were obtained from Bogucz (18], 
and their derivations follow. 
In Figure 9, points Xb and X0 are separated 
by a distance of h, and X0 and Xd are separated 
by any fraction of that distance, denoted as ah, where a 
is any positive number. The point at which the derivative 
of Y is desired is x., and is the distance ~h from 
point X0 • The range for~ is from -1 to a. The 
general formula for the derivative of Y at X* is 
given as: 
Y' .. = ,;{.J((yd-Yc) + (ye-Yb))+ (4S + (1-rc))((\'d-v) - a(v -vb))li18) 
" u ,u 2~(i+a) • • C • C • ' -
Any point being considered on the free surface which is 
not an endpoint is equivalent to taking the derivative at 
X0 • This means ~=O and the expression becomes: 
which is valid for any interior point. If the point being 
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Figure 9, -Non-uniform point spacings to 
derive three point formulas 
for numerical differentiation. 
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considered is the left endpoint, corresponding to the free 
surface at the centerline, ~=-1 .and the expression for the 
derivative is: 
(40) 
If the point being considered is the right endpoint, 
corresponding to the free surface at the right edge of the 
centerline, ~=a and the expression for the derivative 
becomes: 
These are the numerical approximations used to calculate · 
dH/dR on the bed free surface. 
A third numerical approximation is required for 
equations (21h) and (2li). Equation (21h) contains the 
time derivative of Hand equation (21i) contains the time 
derivative of t. By numerically approximating these two 
time derivatives, it is possible to use these two 
equations to approximate Handt on the surface for the 
next time step. Making use of a simple first order finite 
differense approximation, two expressions are obtained by 
which Handt may be calculated: 
ttk+1 = ttk + ~T(V I - aHv I )k 
z s oR Rs 
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(42) 
(4J) 
The numerical approximations described above make it 
possible to take the mathematical model previously derived 
and obtain a numerical solution. 
JS 
SOLUTION PROCEDURE 
A specific solution procedure incorporating the 
elements of the model described up to this point is 
presented. This procedure description briefly outlines the 
methodology used to obtain the results introduced later in 
this document. The software and starting procedure used 
are included in this swrunary. 
The first task in this section is to describe the 
software used in the solution procedure. A commercial 
software package was used for the finite element solution 
of the velocity potential and the pressure of the 
fluidizing gas. The package used was !*DEAS from the 
Structural Dynamics Research Corporation. It includes the 
capability for complex mesh generacion as well as ability 
to solve Laplace's equation formulated with the finite 
element method. 
The mesh generation is contained in a section labeled 
SUPERTAB. This is the !*DEAS pre- and post-processor to 
the finite element solver. When used as a pre-processor, 
SUPERTAB allows the user to create a finite element mesh 
using the desired elements and mesh configuration. A 
further option of SUPERTAB, Enhanced Mesh Generation, was 
used since it provided the capability to generate a 
J9 
satisfactory mesh in the complicated domain of this 
problem. This option calculates the Oest configuration of 
elements when given the nodal densities on the boundaries. 
Once the mesh is created, SUPERTAB is able to output the 
mesh information required for a finite element solution in 
a variety of formats, suitable for the more popular finite 
element packages. 
The finite element solver in I*DEAS and the one used 
in this study is called SUPERB. It was designed to solve 
problems in solid mechanics, dynamics, and heat transfer. 
However, since the governing equation for a steady-state 
heat conduction problem is the same as the one for the two 
differential equation problems of this study, Laplace's 
equation, the output from SUPERTAB can be adjusted so that 
SUPERB can be used as the finite element solver for this 
study. 
The adjustment to the SUPERTAB output necessary is 
the inclusion of boundary conditions. Since the 
SUPERTAB-SUPERB finite element method system was not 
designed to handle flow problems, it is not able to 
automatically include all boundary conditions in its 
calculations. Therefore, it is necessary to manually add 
most of the boundary conditions to the SUPERB input file. 
The SUPERB software is then able to output the correct 
finite element approximation to the specified problem. 
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Other software used in the solution procedure was 
written by the author. Lt incorporates the rest of the 
theoretical methodology previously described. The code for 
this software may be found at the Energy Research Center, 
Lehigh University, Bethlehem,PA. 
The program VPARTS is a collection of subroutines 
written to process the data received from SUPERB upon 
completion of a finite element approximation of the 
velocity potential at a certain time step. One other 
program was written to complete the analysis and is called 
UGAS. It read data on the velocity potential and the 
pressure distribution generated in SUPERB at all the nodal 
points and produced the gas velocity by means of D'arcy's 
law. 
The second major task of this section is to describe 
the actual procedure needed to obtain a solution to the 
model developed previously. The procedure will be 
described as it pertains to a bubble in the process of 
approaching the surface. The details of starting this 
procedure will be discussed later. 
The solution procedure can be arranged into five 
steps. The description of each step follows. 
l. Calculate .. the particle motion using the velocity 
potential 
In any given time step k, the first task is to 
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create the domain and finite element mesh in SUPERTAB. 
The values of ff for this time step k are used as well 
as the present location of the bubble to create the 
domain. The location of the bubble is determined from 
the following relation: 
1 = vb * t 
or in dimensionless variables: 
L = 1/db = T =(vb/vb)* (t*vb/db) 
Once the domain is crea~ed, Enhanced Mesh Generation 
is used to create the mesh. An input file to SUPERB is 
created to calculate tin the domain. 
SUPERB is then used to calculate t throughout the 
domain. The governing equations and the boundary 
conditions are: 
free surface 
sphere 
bottom edge 
else 
v2~ = o 
,p = ~k 
a¢/an = -cosa 
H/az = o 
~<l>/aR = 0 
(21a) 
Besides calculating the velocity potential, SUPERB 
also directly calcluates the velocity in the Rand z 
directions. 
2. Calculate the pressure in th~ bubble 
The pressure in the bubble is a necessary 
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condition in order 
gradients, so it must 
using equation (21d). 
to calculate the pressure 
be computed next. This is done 
Pb-PS. ~Frd«Ys·Ys> - (Yb·Yb)) + (Zs - Zb) + (Frdc:;,b - :;,s> (2ld) 
3 • . Calculate the pressure distribution 
The pressure distribution is calculated by using 
SUPERB. The same mesh and input file created for the 
velocity potential may be used. However, the boundary 
conditions appropriate for the pressure must replace 
the ones used for the potential. The governing 
equation and the appropriate boundary conditions are: 
free surface 
sphere 
centerline 
else 
v2P = 0 
p = 0 
p = Pb 
aP/aR = o 
P = -(Z-Zo) 
(21c) 
The output includes the pressure gradients, so no 
further calculations after SUPERB are necessary. 
4. Calculate the gas velocity 
The gas velocity may be calculated throughout the 
domain by employing equation (21f) and using the 
results of steps 1 and 3 above. The governing equation 
used in UGAS is: 
"• V - U VP V - e (21f) 
This step will produce the gas velocity at the same 
nodal locations at which the particle velocity and the 
pressure gradients are known. During this step, the 
user must input the desired value of the dimensionless 
interstitial gas velocity. 
S. Restart the procedure by calculating H and tat time 
step k+l 
In order to move the numerical procedure along in 
time, it is necessary to be able to advance Handt to 
the next time step. This is accomplished as the last 
task at each time step by using equations (42) and 
(43), repeated here: 
(42) 
This was accomplished in program VPARTS. Subroutine 
DIFFl calculates DH/DR. The subroutine STEP then uses 
this, as well as all the information calculated on the 
surface from the above steps, to calculate Handt for 
time step k+l. Thus, the procedure is now ready to 
begin again at time step k+l. 
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To begin th1s procedure, a starting point needed to 
be set for verification of the model. This involved two 
things. First, the specific domain size needed to be 
determined, and second, the model needed to match 
Davidson's results for a bubble deep enough within the 
bed. 
The size of the domain was selected after several 
sizes were tried with the finite element model for 
velocity potential around a sphere deep in the bed. These 
were compared to each other and to the analytical 
solution. This situation is comparable to the potential 
flow around a sphere in an infinite fluid. 
Using the procedure outlined above, four domain 
widths were selected for comparison. Referring to Figure 
5, the four values selected for w0 are 2.5, S, 7.5, 
and 10.0 bubble diameters. Finite element meshes were 
generated for each domain and SUPERB was used to calculate 
the velocity potential throughout the domain. The four 
domains and the analytic solution, equation (2), were 
compared at selected points in the domain. These results 
are graphically illustrated in Figure 10. 
From the results presented in this graph, the 10.0 
bubble diameter domain was selected for use in this 
analysis. computer time and cost did not turn out to be a 
factor in this decision; the difference in time and cost 
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in the use of SUPERB form one domain to another was 
negligible. The value of !O.O bubble diameters selected 
for w0 not only represents the width of the domain, 
but it also represents the distance from the surface at 
which the bubble may be initially located so that no 
surface disturbance is yet present due to the bubble. 
Besides setting the size of the domain, the initial 
calulation of the model needed to match Davidson's 
solution. This must be true if the top of the domain is to 
be considered the free surface as yet undisturbed by the 
bubble. For this comparison to be made, the equations of 
Davidson's solution must be rendered dimensionless 
according to the terminology and dimensionless variables 
used in this study. The potential solution is: 
VR = _ac:, = 0.1875(R)(Z)/(R2 + Z2) 5/ 2 (44a) aR 
The pressure gradients become: 
:: = -0.375(R)(Z)/(R2 + z2)s/2 
dP = -1 + co.12sR2 - o.2sz2)/(R2 + z2)s/2 dZ 
And the gas velocity is: 
(44b) 
(45a) 
(45b) 
(46a) 
Uz • Vz - Ue(~) • ue + (-0.0625 - 0.125U
0
)(R2)/(R2. 7.2)5/2 + 
co.125 + o.2sue>cz2)/(R2 + z2)S/: (46b) 
The particle velocities, pressure gradients, and gas 
velocities were calculated by both the present model and 
Davidson's model for the bubble deep in the bed. The 
results are tabulated in Tables 1, 2, and 3. These tables 
clearly show that frr a bubble deep in the bed, the model 
yields the same results as the Davidson model. This 
generates confidence in the accuracy of the model. 
Table 1, -Comparison of the velocity potencial at various points in the domain between the model and Davidson's 
solution, 
V Vz R 
R z Model David, ifiodel David, 
0.0000 0. 5000 0.0000 0.0000 0. 9998 1. 0000 0.0573 o. 4967 0. 1737 0. 1709 0. 9798 0.9902 o. 1173 0.4861 0.3430 0.3419 0. 9182 0. 9173 o. 1797 0.4666 o. 5059 0. 5030 0.8042 0. 9060 0.2439 0.4365 0.6235 0. 6385 0. 6545 0. 64:30 o. 3081 0. 3939 0. 7369 0. 7276 0. 4211 0. 4305 o. 3693 0. 3371 0. 73~ 0. 7466 0. 1948 0. 1816 o. 4235 0 . .?659 0. 6737 0. 6752 -o. 0764 -o. 0759 o. 4656 0. 1823 0. 5119 0. 5092 -0.2957 -0.3005 0.4916 0.0914 o. 2709 0. 2695 -o. 4496 -o. 4498 o. 5000 0.0000 -0.0022 0. 0000 -0.4923 -o. 5000 o. 4916 -0.0914 -o. 2709 -0.2695 -o. 4496 -o. 4498 0. 4656 -o. 1824 -o. 5108 -o. 5093 -0.3137 -o. 3004 0.4235 -0.2659 -o. 6737 -0.6753 -0. 0764 -o. 0757 0. 3693 -o. 3372 -0. 7384 -o. 7466 0. 1946 0. 1818 o. 3080 -o. 3939 -0. 7367 -0. 7276 0. 4213 0.4307 0.2438 -0.4366 -0.6235 -0. 6384 0. 6546 0. 6431 o. 1797 -o. 4666 -o. 5058 -o. 5029 0.8042 0.8061 o. 1173 -o. 4861 -0. 3230 -o. 3419 0. 9232 0. 9173 0.0573 -o. 4967 -o. 1737 -o. 1707 0.9798 0. 9802 0.0000 -o. 5000 0. 0000 0. 0000 0. 9998 1. 0000 o. 0000 10.0000 0.0000 0. 0000 0. 0003 0. 0001 o. 8333 10. 0000 0.0000 0. 0000 0. 0003 0. 0001 1. 6667 10.0000 0.0000 0. 0000 0. 0002 0. 0001 2. 5000 10. 0000 0. 0000 0. 0000 0.0002 0. 0001 3.3333 10.0000 0. 0000 0. 0000 0. 0002 0. 0001 4. 1667 10. 0000 0. 0000 0. 0001 0. 0002 0. 0001 5. 0000 10. 0000 0. 0000 0. 0001 0. 0002 0. 0001 5. 8333 10.0000 0.0000 0. 0001 0. 0001 0. 0000 6.6667 10. 0000 o. 0000 0. 0000 0. 0001 0.0000 7. 5000 10.0000 0.0000 0. 0000 0. 0001 0. 0000 8.3333 10. 0000 0. 0000 0.0000 0. 0001 0. 0000 9. 1667 10.0000 0. 0000 0. 0000 0. 0001 0. 0000 10.0000 10.0000 0.0000 0. 0000 0.0001 0. 0000 0.0000-10. 0000 0. 0000 0. 0000 0. 0003 0.0001 1. 5528 -4.3667 -0. 0006 -0. 0006 0. 0011 0. 0010 3. 1010 -1. 1155 -o. 0017 -0. 0017 -0. 0011 -o. 0011 10.0000 -1. 6667 0. 0000 0. 0000 -0. 0001 -o. 0001 1. 5235 -1. 5952 -o. 0087 -o. 0087 0. 0034 0. 0033 0.3573 -1. 7868 -0.0060 -0. 0060 0. 0192 0. 0195 2.2726 0. 1543 0. 0010 0. 0011 -0. 0052 -0. 0052 1. 5701 -o. 6563 -0. 0136 -0. 0135 -0. 0071 -0. 0070 1. 2354 -0.4024 -0.0255 -o. 0252 -0. 0207 -o. 0203 1. 0891 -o. 7854 -o. 0368 -o. 0367 0. 0011 0.0007 1. 5582 1. 8714 0.0064 0. 0064 0. 0034 0. 0033 
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Table 2. -Comparison of the pressure gradients at various points in the domain between the model and Davidson's solution. 
DP/oz DP/DZ 
R z Model David. Model David, 
0.0000 o. 5000 0. 0000 0. 0000 -2.9214 -3. 0000 0.0573 0. 4967 -0.3447 -0.3415 -2. 9059 -2. 9604 o. 1173 0. 4861 -o. 6 503 -o. 6839 -2. 7752 -2. 8347 o. 1797 0. 4666 -1. 0090 -1. 0059 -2. 5789 -2. 61~ 0. 2439 0. 436S -1. 2430 -1. 2769 -2. 2785 -2. 2860 o. 3081 0.3939 -1. 4533 -1. 4552 -1. 8339 -1. 8611 0.3693 0. 3371 -1. 4038 -1. 49:32 -1. 3009 -1. 36:32 0.4235 0.2659 -1.2815 -1.3S05 -o. 7971 -o. 8483 0.46S6 0. 1823 -0.9681 -1. 0183 -0. 3BS9 -0. 3991 0.4916 0.0914 -0.4860 -o. 5389 -o. 0926 -o. 1 004 o.sooo 0.0000 0. 0187 0. 0000 -0.0010 o. 0000 0.4916 -0.0914 0.4987 0. 5391 -o. 0951 -o. 1004 0.4656 -o. 1824 1. 0057 1. 018S -0.3860 -o. 3992 0. 4235 -0.2659 1. 2929 1. 3506 -o. 8044 -o. 8485 0.3693 -0.3372 1. 4144 1. 4932 -1.3110 -1. 3635 0.3080 -o. 3939 1. 4614 1. 45S2 -1. 8444 -1. 8614 0.2438 -0.4366 1. 2488 1. 2768 -2.2896 -2. 2863 o. 179i -0.4666 1. 0135 1. 0058 -2. 5908 -2.6122 o. 1173 -0.4861 0.6402 0.6838 -2. 9001 -2. 8347 o. 0573 -o. 4967 0.3461 0.3414 -2. 9183 -2.9605 0.0000 -o. 5000 0.0000 0. 0000 -2. 9336 -3. 0000 0.0000 10.0000 0.0000 0.0000 -1. 0005 -1. 0002 o. 8333 10. 0000 0. 0000 0. 0000 -1. 0005 -1. 0002 1. 6667 10.0000 0.0000 -0.0001 -1. 0004 -1. 0002 2. 5000 10. 0000 0.0000 -0.0001 -1. 0004 -1. 0002 3.3333 10. 0000 0.0000 -o. 0001 -1. 0003 -1. 0002 4. 1667 10.0000 0.0000 -0.0001 -1. 0003 -1. 0002 
,. 0000 10.0000 0.0000 -o. 0001 -1. 0002 -1. 0001 5.8333 10.0000 0.0000 -0.0001 -1. 0002 -1. 0001 6.6667 10. 0000 0.0000 -0. 0001 -1. 0001 -1. 0001 7. 5000 10.0000 0.0000 -o. 0001 -1. 0001 -1. 0001 8.3333 10. 0000 0.0000 -o. 0001 -1. 0001 -1. 0000 9. 1667 10. 0000 0.0000 -0.0001 -1. 0000 -1. 0000 10.0000 10.0000 0.0000 -0.0001 -0. 9999 -1. 0000 o. 0000-10.0000 0.0000 0. 0000 -1. 0005 -1. 0002 1. 5528 -4. 3667 0.0012 0. 0012 -1. 0023 -1. 0021 3. 1010 -1. 1155 0.0036 0. 0033 -0.9978 -0.9977 10. 0000 -1. 6667 0. 0001 0. 0001 -1. 0001 -o. 9999 1. 5235 -1. 5952 0.0176 0.0175 -1. 0070 -1. 0066 0. 3573 -1. 7868 0. 0120 0. 0119 -1. 0389 -1. 0389 2.2726 0. 1543 -0.0017 -0. 0021 -o. 9897 -o. 9896 1. 5701 -0. 6563 0.0278 0. 0271 -o. 9861 -o. 9860 1. 2354 -0. 4024 0.0520 0. 0503 -0. 9590 -0. 9594 1. 0891 -o. 7854 0. 0744 0.0735 -1. 0028 -1. 0014 1. 5582 1. 8714 -0. 0126 -0.0128 -1. 0067 -1. 0067 
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Table), -Comparison of the gas velocities at various points in the domain between the model and the Davidson solution, 
u R Z Model R David, 
o.o o.s o.o o.o 0.0573 0.4967 0,1984 0,1952 0.1173 0.4861 0.3895 0.3909 0.1797 0.4666 0.5781 0.5751 0.2439 0.4365 0,7125 0,7301 0.3081 0.3939 0.8409 0.8317 0.3693 0.3371 0.8386 0.8537 0.4235 0.2659 0.7654 0.7719 0.4656 0.1823 0.5812 0.5821 0.4916 0.0914 0.3057 0.3081 0.5 o.o 
-0.0035 o.o 0.4916 -0.0914 -0.3066 -0.3081 0.4656 -0.1823 -0.5828 -0.5822 0.4235 -0.2659 -0.7663 -0.7719 0.3693 -0.3372 -0.8396 -0.8534 0.3080 -0.3939 -0.8413 -0.8319 0.2438 -0.4366 -0.7129 -0.7297 0.1797 -0.4666 -0.5784 -0.5751 0.1173 -0.4861 -0.3688 -0.3909 0.0573 -0.4967 -0.1984 -0.1952 o.o 
-0.5 o.o o.o o.o 10.0 o.o 0.0 0.8333 10.0 o.o 0.0 1.6667 10.0 o.o o.o 2.5 10.0 0.0 o.o 3.3333 10.0 o.o 0.0001 4.1667 10.0 o.o 0.0001 5.0 10.0 o.o 0.0001 5.8333 10.0 o.o 0.0001 6.6667 10.0 o.o 0.0001 7.5 10.0 o.o 0.0001 8.3333 10.0 o.o 0.0 9.1667 10.0 o.o 0.0 10.0 10.0 o.o o.o o.o -10.0 0.0 0.0 1.5528 -4.3667 -0.0007 -0.0007 3.1010 -1.1155 -0.0020 -0.0019 10.0 
-1.6667 o.o 0.0 1.5235 -1.5952 -0.0100 -0.0100 0.3573 -1.7868 -0.0068 -0.0068 2.2726 0.1543 0.0012 0.0012 1.5701 -0.6563 -0.0156 -0.0155 1.2354 -0.4024 -0.0292 -0.0288 1.0891 -0.7854 -0.0421 -0.0420 1.5582 1.8714 0.0073 0.0073 1.4239 0.4459 0.0186 0.0184 0.0996 3.0065 0.0003 0.0003 
u 
Model Z David. 
l. 2089 l. 2147 1,1877 1,1922 1.1168 1.1200 0.9887 0.9932 0.8176 0.8066 0.5523 0.5636 0.2879 0.2793 
-0.0193 -0.0151 
-0.2681 -0.2720 
-0.4430 -0.4426 
-0.4922 -0.5 
-0.4428 -0.4426 
-o. 2861 -o. 2717 
-0.0188 -0.0151 0.2884 0.2795 0.5533 0.5640 0.8184 0.8069 0.9896 0.9932 1.1236 1.1200 1.1886 1.1922 1. 2098 1. 2147 0.0719 0.0717 0.0719 0.0717 0.0718 0.0717 0.0718 0.0717 0.0718 0.0717 0.0718 0.0717 0.0717 0.0716 0.0717 0.0716 0.0717 0.0716 0.0717 0.0716 0.0717 0.0716 0.0716 0.0716 0.0716 0.0716 0.0719 0.0717 0.0728 0.0728 0.0703 0.0703 0.0715 0.0715 0.0755 0.0754 0.0936 0.0938 0.0657 0.0656 0.0635 0.0635 0.0480 0.0484 0.0729 0.0723 0.0755 0.0754 0.0557 0.0558 0.0768 0.0768 
RESULTS 
The numerical methods described and the resulting 
computer code produce the particle velocity, the pressure 
gradients, and the gas velocity at each node of the finite 
element mesh at each time step. This means that the 
desired quantities are known at certain points of time and 
at discrete locations in the domain. 
Two locations at which the results were examined in 
detail are the bed free surface and the bubble surface. 
The expected behavior of the gas and the particles can be 
estimated at these two locations and compared to the 
results of the model, so as to provide a check for the 
model. These two locations are also the points of interest 
at which important, observable phenomena occur. 
The results obtained in this study correspond to the 
conditions set by the two dimensionless parameters 
introduced with the model, Frd and Ue. In all 
cases, the superficial gas velocity, u0 , was taken to 
be the value at minimum fluidization, or Umf, which 
corresponds to a value of Frd=0.50552. The bubble 
rise velocity was taken to be the bubble rise of a fast 
bubble, where vb> ue. The value used for this 
study was Ue=0.07157. 
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The calculations, initiated deep within the bed, were 
completed for 21 time steps, until the bubble was within 
0.038 bubble diameters of the bed surface. Four of these 
time steps which represent different stages of the bubble 
advance were selected for detailed examination. These 
range from deep in the bed to the last time step at the 
free surface. Since the gas velocity at each time step is 
dependent only on the particle velocities and pressure 
gradients of the same time step, it is necessary to 
compute the gas velocities only for the bubble positions 
of interest~ As an aid to help represent these 
parameters, the variable 6 is defined as the dimensionless 
thickness of the bulge above the bubble at the bubble 
centerline. Table 4 identifies the four steps by listing 
the total distance travelled and the bulge thickness at 
the bubble centerline for each of the four time steps. 
TABLE 4 - Run Identification for Calculation of the Gas Velocity 
TOTAL DISTANCE 
RUN TRAVELLED, z 6 
------------
-----003 1.00 8.5 
021 8.60 0.92 
028 9.55 0.126 
031 9.80 0.038 
First, the validity of the data obtained from the 
computer run of the model needed to be verified. This was 
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done by verifying the presence of a correct mass flow 
balance of the gas through the bubble. This test 
consisted of calculating the gas flow rate through the 
bubble, and using this to verify conservation of mass, 
with tne moving bubble as the control volume. The gas 
velocity with respect to the bubble velocity is: 
(4?) 
and is the gas velocity of interest. The conservation of 
mass calculations were based on the gas flow through the 
bubble computed with respect to the moving bubble. 
Conservation of mass appropriately stated for this 
problem is: 
(48) 
Note that the conservation of mass has simplified to a 
volumetric gas flow rate expression. The most convenient 
velocity to use when calculating the gas fJ.ow rate with a 
sphere as the control volume is the normal gas velocity. 
Using the terminology established in Figure 11.A, the 
normal component is: 
Un= Urn cos(~) (49) 
Using Figure 11.B to illustrate the geometry of the sphere 
yields an expression for the normal component of area: 
dAn = 2 n Rb 2 sin(8) de (50) 
These expressions can be substituted into eqn. (48) to 
Uz 
(A) (8) 
Figure 11. -Gas velocity components on the bubble surface. 
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obtain: 
which is the equation which must be solved to determine 
the gas flow rate through a spherical bubble. 
This equation was solved by use of a numerical 
approximation. First, it should be noted that because of 
the configuration of the finite element mesh and the 
resulting location of the nodes, this problem has unequal 
intervals around the sphere. This eliminates the use of 
many popular numerical integration schemes. A numerical 
method which is suited to the conditions in the present 
problem is the cubic integration method. This method can 
handle problems with unequal integral intervals of the 
form: 
!K(6)d6 (52) 
In this problem, the kernel K{8) has the value: 
K{8) = Un 2 n Rb2 sin(8) (53) 
Note that the normal velocity, Un, also varies with 
e. A computer code, CUBINT, which is based on cubic 
integration and was written by Bogucz [181, was used in 
the present analysis. 
At each of the time steps given in Table 4, the 
volumetric gas flow rate was calculated. The first time 
this was done, the pressure in the bubble was calculated 
applying equation (21.d), the unsteady Bernoulli equation, 
from the 8=90 degree point on the bubble to a point on the 
surface which is 0.5 bubble diameters from the bubble 
centerline. Table 5 shows the results of these 
calculations. Immediately, the reader will notice that for 
all time steps except for RUN003, the gas flow rate does 
not show a balance. 
TABLE s Bubble pressures calculated at different locations around the bubble, and their corresponding mass balances. 
RUN Pb,90 W ,90 Pb,O w,o Pb,180 W,180 
-----
------ -----003 8.962 -0.017 8.260 -0.347 9.245 0.112 021 1.335 -0.026 0.722 -0.378 1.678 0.156 028 0.507 0.110 0.108 -0.250 1.132 0.655 031 0.279 0.524 1.311 3.401 
Various calculations were performed to determine the 
reason for this discrepancy. Although verification checks 
had been carried out on the code CUBINT prior to use in 
this study, the trapezoidal rule was used to perform the 
same calculations to verify the accuracy of the results 
obtained from CUBINT. For RUN031, the trapezoidal rule 
was used to calculate the gas flow rate for five of the 
integral intervals calculated by Ct INT. For each 
interval calculated, the trapezoidal rule values agreed 
with those calculated by CUBINT within a tolerance 
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consistent with the accuracies of the two methods. Thus, 
it was concluded that the mass unbalance condition was not 
a result of inaccuracies in the numerical method. 
Examination of the model led to the conclusion that 
the pressure in the bubble, as calculated at the 90 degree 
point on the bubble, was incorrect. To demonstrate this, 
the pressure in the bubble was recalculated using equation 
(21.d) as before, but applying it at two different 
locations: 
between the O degree point on the bubble and 
the point on the free surface at the bubble 
centerline 
between the 
the point on 
centerline 
The pressure 
calculated for 
180 degree point 
the free surface 
on the bubble and 
at the bubble 
gradients and the 
both these bubble 
gas velocities were 
pressures at the four 
time steps, and then the gas flow rates were once again 
calculated. The gas flow rates for these three cases are 
compared in Table 5. The pressure in the bubble and the 
corresponding gas flow rate for 8=0,90,180 degrees are 
listed for each of the four time steps. 
It is convenient to define a 
the pressure in the bubble. 8bc 
denote the angle e at which 
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new variable describing 
shall be used to 
the unsteady Bernoulli 
equation is being vertically applied to compute the 
pressure in the bubble. 
The results contained in Table 5 are graphically 
illustrated in Figures 12 through 18. Figures 12 and 13 
show the relationship between the residual gas flow 
through the bubble and the pressure in the bubble 
calculated using the unsteady Bernoulli equation at 
different points on the bubble. The pressure in the bubble 
calculated using the unsteady Bernoulli's equation can 
also seen to be a function of the location on the bubble 
at which the equation is applied. This is shown in Figure 
14, where 8bc is plotted against Pb· To further 
illustrate the relationship 
gas flow through the bubble 
which exists between the net 
and the location on the bubble 
at which the Bernoulli equation is applied, the residual 
gas flow is plotted against ebc in Figures 15,16,17, 
and 18. 
These figures show that a point exists on the sphere 
at which the unsteady Bernoulli equation may be applied to 
calculate the bubble pressure such that mass is conserved. 
Therefore, the pressures in the bubble used in this study 
are the ones for which mass is conserved, and the pressure 
gradients and the gas velocities used in this study are 
the ones corresponding to these pressures. These 
pressures where mass is conserved are found in Table 6. 
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Having confirmed the soundness of the results for 
RUN003, RUN021, RUN028, and RUN031 on the basis of mass 
flow through the bubble, and having identified the 
appropriate pressure in the bubble for each location, the 
results obtained from the computer solutions were 
examined. First, the characteristics of the particle 
motion and the gas flow were examined. These results, for 
the vicinity of the bubble, are tabulated in Tables 7,8,9, 
and 10 for the four highlighted runs. The particle 
velocities for points located on the bubble are the same 
for all four highlighted runs. This observation is 
consistent with the given boundary conditions for 
potential flow theory. 
TABLE 6 - Data for highlighted runs when mass is conserved. 
ELAPSED RUN /J. ebc w T Hcl T,r 
-----003 8.5 91 0.164 1.00 o.o 8.80 021 0.92 91 0.166 8.60 0.02 1. 20 028 0.126 70 0.179 9.55 0.176 0.25 031 0.038 48 0.192 9.80 0.338 0.0 
To examine the gas velocities more thoroughly, the 
horizontal and vertical gas velocity components, and the 
magnitude of the gas velocities at all nodal points on the 
bubble were plotted against the angle e. These results are 
found in Figures 19,20,21 and 22, respectively, and show 
the variation of the gas velocities around the bubble. As 
67 
Table 7, -Data for the bubble from RUNOOJ. 
0 VR Yz DP/DR DP/oz UR Uz u a m 
0. 0 0.015 l. 000 0.010 -3.032 O.OJ4 1. 217 1. 217 0. 7 
5. 5 0. 151 0. 985 -0.284 -2.906 0. 172 1. 194 1. 206 8. 2 
11. 2 0.277 0. 946 -0. 546 -2.871 0.316 1. 151 1. 194 15. 3 
17. 2 0.431 0.866 -0.843 -2.689 0. 491 1. 058 1. 167 24. 9 
23. 7 0.547 0. 762 -1. 071 -2. 490 0. 623 0.940 1. 128 33. 5 
30. 6 0.665 0. 605 -1. 305 -2. 183 0.758 0. 762 1. 075 44.9 
38. 0 0.720 0. 437 -1. 433 -1. 865 0.822 0.571 1. 001 55. 2 
45. 9 0.764 0.208 -1. 482 -1. 420 0.870 0.310 0. 924 70.4 
54. 4 0.718 0.000 -1. 326 -0.958 0.813 0.069 0.816 85. 1 
°' 
63. 2 0.638 -0. 265 -1. 142 -0.574 0.720 -0. 224 0. 754 107.3 
OJ 72. 2 0.479 -0. 485 -0.832 -0. 268 0.538 -0. 466 0. 712 130. 9 
81. 3 0.213 -0.378 -0.418 -0.067 0. 243 -0.374 0. 446 147.0 
90. 0 -0.002 -0. 405 0.014 -0.002 -0. 003 -0. 405 0. 405 180. 4 
100. 5 -0. 269 -0.439 0. 493 -0.094 -0.304 -0. 432 0.529 215. 1 
111. 4 -0. 509 -0.309 1. 007 -0.386 -0.581 -0. 282 0. 646 244. 1 
122. 1 -0.671 -0. 071 1. 296 -0.806 -0. 763 -0.014 0. 763 269. 0 
132. 4 -0.737 0. 197 1. 420 -1. 316 -0.838 0.291 0.887 289. l 
142. 0 -0. 734 0. ,424 1. 462 -1. 844 -0.839 0.556 1. 006 303. 5 
150. 8 -0. 623 0.655 l. 247 -2. 286 -0. 712 0.819 l. 085 319. 0 
158. 9 -0. 505 0.805 1. 012 -2. 587 -0.577 0.990 1. 146 329. 8 
166. 4 -0.322 0.924 0.638 -2. 792 -0.367 l. 123 1. 182 341. 9 
173. 4 -0. 173 0. 980 0. 345 -2.910 -0. 198 1. 188 l. 204 350. 6 
180. 0 0.000 1. 000 0.000 -2.924 0.000 1. 209 1. 209 0. 0 
•rable 8. - Data for the bubble from RUN021, 
0 YR Yz DP/DR DP/oz UR Uz u a m 
0. 0 0. 000 1. 000 0.000 -2. 929 0.000 1. 210 1. 210 0.0 5. 5 0. 146 0.986 -o. 285 -2.926 0. 166 1. 195 1. 207 7.9 11. 2 0.294 0.942 -o. 546 -2.832 0. 333 1. 145 1. 193 16.2 17. 2 o. 437 0.864 -o. 846 -2.697 0.497 1. 057 1. 168 25. 2 23. 7 0. 560 0.756 -1. 065 -2.471 0. 637 0.933 l. 129 34. 3 30. 6 0. 673 0.601 -1. 306 -2.188 0. 766 0.757 1. 077 45. 3 38. 0 0.732 0. 428 -1. 421 -1. 849 0.834 0. 560 1. 005 56. 1 45. 9 0. 764 0. 208 -1. 487 -1. 426 0. 870 0.310 0. 924 70. 4 54. 4 0.713 0.011 -1. 421 -1. 037 0. 815 0. 085 0.819 84.0 CJ'\ 63. 2 0.618 -0.225 -1. 127 -0.561 0. 699 -o. 185 0. 723 104. 9 \() 72. 2 0. 440 -0. 366 -0.879 -0.287 0.503 -o. 346 0.610 124. 5 81. 3 0.230 -0. 490 -0. 373 -0.056 0.257 -0. 486 0.550 l 52. 1 90. 0 -0.002 -0.538 0.037 0. 005 -0. 005 -0.538 0.538 180. 5 99.2 -0. 249 -0. 484 0. 473 -0.079 -0.283 -0.478 0.555 210.6 108. 9 -o. 464 -0.368 0. 903 -0. 302 -0. 529 -0.347 0.632 236. 7 118. 7 -0.639 -0. 166 1. 209 -0.661 -o. 725 -0. 119 0. 735 260.7 128. 5 -0. 735 0. 076 l. 390 -1. 107 -0.835 0. 155 0.849 280.5 138. 1 -0. 759 0.318 1. 444 -1. 597 -0.863 0.432 0.965 296.6 147. 4 -0.689 0. 561 1. 310 -2.071 -0.782 0. 709 1. 056 312.2 156. 2 -0. 570 0. 747 1. 108 -2. 483 -0.650 0.925 1. 130 324.9 164. 6 -0.378 0. 897 0. 746 -2. 777 -0.431 1. 095 1. 177 338. 5 172. 5 -0. 194 0.974 0.394 -2.918 -o. 222 1. 183 1. 204 349.4 180.0 0.000 1. 000 0. 000 -2.940 0.000 l. 210 1. 210 0. 0 
1'able 9. - Data for the bubble from RIJN028, 
0 VR Vz DP/DR DP/oz UR Uz 
u a 
rn 
0. 0 0.000 1. 000 0. 000 -3.576 0.000 1. 256 1. 256 0.0 
4. 0 0. 106 0. 993 -0.258 -3.595 0. 124 1. 250 1. 256 5. 7 
8. 2 0.216 0. 969 -0.500 -3. 528 0.252 1.222 1. 247 11. 6 
12. 6 0.316 0. 929 -o. 778 -3. 467 0. 372 1. 178 1. 235 
17. 5 
17. 1 0.416 0.873 -1. 008 -3.317 0. 488 1. 110 1. 212 23. 7 
21. 9 0.501 0. 799 -1. 261 -3. 123 0.591 1. 022 1. 181 30. 1 
26. 9 0. 575 0. 709 -1. 426 -2.841 0. 677 0.913 1. 137 36. 6 
32. 2 0.642 0. 595 -1. 573 -2.486 0. 755 0. 773 1. 081 44. 3 
37. 8 0.686 0.470 -1. 608 -2.096 0.801 0. 620 1. 013 52.2 
43. 7 0. 722 0.309 -1. 612 -1. 680 0.838 0.430 0.941 62.8 
"'1 49. 9 0. 719 0. 150 -1.513 -1. 290 0. 828 0.242 
0.862 73. 7 
0 56. 3 0.685 -0.029 -1. 390 -0.924 0. 784 0.037 0.785 87. 3 
63. 0 0.609 -o. 191 -1. 163 -0.599 0.692 -0. 148 0. 708 102. 1 
69. 8 0.491 -0. 335 -0. 898 -0.332 0. 555 -0. 311 0. 636 119.3 
76. 6 0.339 -0.436 -o. 581 -o. 138 0.381 -o. 426 0.571 138. 2 
83. 4 0. 175 -0.508 -0.250 -0.031 0. 193 -o. 506 0. 541 159. 2 
90. 0 0.003 -0.536 0. 113 0.000 -o. 005 -0.536 0.536 180. 6 
96. 5 -o. 175 -0.512 0. 460 -0.055 -0. 208 -0.508 0.549 202. 2 
103. 4 -0.342 -0.450 0. 776 -o. 182 -0. 398 -0.437 0. 591 222. 3 
110. 5 -0.505 -0.346 1. 100 -0.416 -0. 583 -0.316 0.664 241. 5 
117. 9 -0.638 -0.208 1. 312 -0.688 -0.732 -o. 158 0. 749 257. 8 
125. 5 -0. 728 -0.018 1. 490 -1. 068 -0.834 0.059 0.837 274. 0 
133. 4 -0.768 0. 185 1. 564 -1. 469 -0.880 0.290 0. 926 288. 2 
141. 3 -0. 744 0.404 1. 503 -1. 879 -0.852 0.538 1. 008 302.3 
149. 3 -0.680 0. 597 1. 366 -2.310 -0. 778 0. 763 1. 089 314.4 
157. 3 -0.556 0. 767 1. 108 -2.632 -0.635 0.955 1. 147 326. 4 
165. 1 -0.374 0.901 0. 752 -2.885 -0.428 1. 108 1. 188 338.9 
172. 7 -0. 189 0. 976 0. 394 -3.021 -0.217 1. 192 1. 212 349. 7 
180. 0 0.000 1. 000 0. 000 -3.032 0. 000 1. 217 1. 217 
0. 0 
Table 10.-Data for the bubble from RUNOJ1, 
El VR vz DP/DR DP/oz UR Uz u ~ m 
0.0 0. 000 1. 000 0. 000 -2.316 0.000 1. 166 l. 166 360.0 
1. 8 0. 084 0. 997 -o. 075 -2.380 0. 089 1. 168 1. 171 4.4 
3. 6 0. 197 0. 988 -0.150 -2.459 0.208 1. 164 1. 182 10. l 
5. 4 0.257 0.976 -0.234 -2. 461 0.274 1. 152 1. 184 13.4 
7. 3 0.280 0.964 -0.314 -2.484 0.302 1. 142 l. 181 14.8 
9.3 0. 375 0. 939 -0. 414 -2.524 0. 404 1. 119 1. 190 19.9 
11. 3 0.460 0. 908 -0.514 -2.590 0. 497 1. 094 1. 201 24.4 
13. 5 0. 456 0.890 -0.652 -2.707 0. 503 1. 084 1. 195 24.9 
15. 8 0. 466 0. 869 -0.802 -2. 865 0.524 1. 074 1. 195 26.0 
-'1 18. 2 0.624 0.794 -1. 030 -3. 115 0.698 1. 017 1. 233 34.4 I-' 
20. 8 0.717 0. 729 -1. 327 -3. 536 0.812 0.982 1. 275 39.6 
23. 6 0. 807 0.646 -1. 784 -4. 063 0. 935 0.937 1. 324 44.9 
26. 6 0.873 0. 564 -2.313 -4.662 1. 039 0.898 1. 373 49.2 
29. 9 0.776 0. 552 -2.689 -4.639 0. 968 0.884 1. 311 47.6 
33. 5 0. 673 0.548 -2. 779 -4.308 0. 872 0.856 1. 222 45.5 
37. 5 0.730 0.439 -2. 546 -3. 299 0.912 0. 675 1. 135 53. 5 
41. 8 0.829 0. 263 -2. 186 -2. 491 0. 985 0. 441 1. 079 65.9 
46. 6 0.751 0. 204 -1. 697 -1.594 0.872 0.318 0.929 70.0 
51. 8 0. 705 0. 109 -1. 251 -1. 012 0. 795 0. 181 0.815 77.2 
57. 5 0. 673 -0.058 -1. 006 -0. 635 0. 745 -0. 012 0. 745 90.9 
63. 5 0.594 -0. 187 -0.794 -0. 407 0.651 -0. 158 0. 670 103.6 
70. 0 0.501 -0.378 -0. 528 -0. 190 0.539 -0.364 0.650 124. 1 
76. 7 0.354 -0. 482 -0.302 -0. 075 0. 376 -0. 477 0.607 141. B 
83. 4 0. 182 -0. 563 0.037 0.005 0. 179 -0.564 0.591 162. 4 
90. 0 0.002 -0. 591 0. 320 0.002 -0. 021 -0. 591 0. 591 182.0 
95. 6 -0. 154 -0.565 0.614 -0.061 -0. 198 -0. 560 0. 594 199, 5 
101. 4 -0.302 -0.510 0.866 -0. 172 -o. 364 -0. 498 0.617 216.2 
Table 10,- Continued 
107. 4 -0.449 -o. 428 1. 137 -0.359 -0.530 -o. 403 0.666 232. 0 
113. 6 -0.578 -0.324 1. 335 -0.578 -0.674 -o. 282 o. 730 247.3 
120. l -0. 679 -o. 171 1. 531 -0.889 -0.788 -o. 108 0. 796 262.2 
126. 6 -0.746 -o. 005 1. 631 -1. 207 -0.862 0.082 0.866 275.4 
133. 4 -0.772 0.183 1. 655 -1.565 -0.890 0.295 0.938 288.3 
140. 2 -0.714 0.339 1. 575 -1. 950 -0.827 0.478 0.955 300. 1 
147. 0 -0.715 0.536 1. 489 -2.298 -o. 822 0. 700 1. 080 31Q.4 
153. 9 -0.612 0.700 1. 275 -2.613 -o. 703 0.887 1. 132 321. 6 
160. 6 -o. 483 0.830 1. 010 -2.870 -0.555 1. 036 1. 175 331. 0 
167. 3 -o. 321 0.928 0.675 -3.035 -0.370 1. 145 1. 203 342. 1 
113. 0 -o. 168 0.982 0. 349 -3.144 -0.193 1. 207 1. 222 350.9 
180. 0 0.000 1. 000 0.000 -3. 155 0. 000 1. 226 1. 226 0.0 
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Figure 19, -Comparison of the horizontal gas velocities around the bubble; RUNOOJ and RUNOJ1. 
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the bubble approaches eruption, the velocity of the gas 
moving through the bubble increases in the bulge area of 
the bubble. 
The characteristics of the particle motion and the 
gas flow were also examined on the bed free surface. These 
results are tabulated for the four highlighted runs in 
Tables 11,12,13, and 14. The horizontal particle velocity 
is seen to be at a maximum in the neighborhood of slightly 
less than 0.25 bubble diameters away from the bubble 
centerline, while the vertical particle velocity has a 
maximum positive value at the bubble centerline, 
decreasing to a maximum negative value at slightly more 
than 1.0 bubble diameter from the bubble centerline. 
From these tables, the absolute vertical gas velocity 
can also be plotted versus the horizontal distance from 
the bubble centerline. This gives a picture of the gas 
motion at the surface. A plot of the full free surface is 
given in Figure 23, while a plot of the area near the 
bubble centerline is given in Figure 24. They show an 
increase in gas velocity through the bubble when it is 
near the bed free surface. 
The height of the free surface can be contrasted for 
the highlighted runs. Figure 25 shows the relationship of 
Hand the horizontal distance from the bubble centerline. 
These curves depict the changing shape of the surface as 
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Table 11. -Data on the free surface from RUNOOJ. 
R H VR Vz UR Uz um 
U -U Z e 
0.000 0. 000 0. 000 0.000 0.000 0. 072 
0. 072 0.000 
1. 000 0.000 0. 000 0. 000 0.000 0. 072 
0. 072 0.000 
2.000 0.000 0. 000 0.000 0.000 0.072 
0. 072 0.000 
3.000 0. 000 0. 000 0.000 0.000 0. 072 
0. 072 0.000 
4.000 0.000 0. 000 0. 000 0. 000 0. 072 
0.072 0.000 
5.000 0.000 0. 000 0.000 0.000 0. 072 
0. 072 0.000 
6.000 0.000 0. 000 0. 000 0.000 0.072 
0. 072 0.000 
7.000 0.000 0. 000 0.000 0.000 0.072 
0. 072 0.000 
8.000 0. 000 0. 000 0.000 0.000 0.072 
0.072 0.000 
"'1 9.000 0.000 0. 000 0.000 0.000 0. 072 
0. 072 0.000 
co 
10. 000 0.000 0. 000 0.000 0.000 0.072 
0. 072 0.000 
'rable 12. -Data on the free surface from RUN 021. 
R H VR vz UR Uz u u -u m Z e 
0.000 0. 020 0. 000 0. 035 0.000 0. 118 0. 118 0.046 
0.077 0. 020 0. 001 0. 033 0.001 0. 116 0. 116 0.044 
0. 154 0.020 0. 003 0. 030 0. 003 0. 112 0. 112 0.041 
0.231 0.020 0. 006 0.028 0.006 0. 109 0. 109 0.038 
0. 309 0.020 0. 009 0.025 0.009 0. 106 0. 106 0.034 
0.387 0. 019 0. 009 0. 021 0. 009 0. 102 0. 102 0.030 
0.466 0.019 0. 005 o. 015 0.005 0. 094 0.095 0.023 
0. 545 0. 019 0. 011 0.009 0.011 0. 088 0. 089 0.016 
0.626 0. 019 0. 008 0.002 0.008 0.079 0. 080 O.OOB 
0. 707 0. 018 0. 019 -0. 002 0.019 0.075 0. 077 0.003 
"" 0. 789 0. 018 0. 020 -0.004 0.020 0.072 0. 075 0.001 
'° 0.873 0.018 0. 019 -0.008 0. 020 0. 067 0. 070 · -0.005 
0.958 0.017 0. 039 -0.001 0.040 0.074 0. 084 0.002 
1. 045 0.017 0. 006 -o. 014 0.006 0. 060 0. 061 -0. 011 
1. 134 0.016 0. 001 -0.029 0.002 0. 044 0. 044 -0.027 
1. 225 0.016 0. 024 -0.026 0.024 0.047 0. 053 -0.025 
1. 317 0.016 0. 040 -0.019 0.041 0. 054 o. 068 -0.018 
1. 413 0. 015 0. 009 -0.021 0.009 0. 051 0. 052 -0.021 
1. 510 0. 015 0. 017 -0.026 0.018 0.045 0. 049 -0. 026 
1. 611 0. 015 0. 010 -0.030 0.010 0.042 0. 043 -0.030 
1. 715 0.014 0. 013 -0. 032 0.013 0. 039 0. 041 -0.032 
1. 822 0.014 0. 015 -0.032 0.015 0. 039 0. 042 -0.032 
1. 933 0.013 0. 015 -0.032 0.016 0. 039 0. 042 -0.032 
2.049 0. 013 0. 013 -0.035 0.014 0. 036 0. 039 -0.035 
2. 168 0.012 0. 010 -0.041 0.011 0. 030 0. 032 -0.042 
2.293 0. 011 0. 026 -0.029 0.026 0.043 0. 050 -0. 029 
2.422 0.010 0. 010 -0.029 0. 011 0. 042 n 043 -0.030 
'l'able 12,- Continued 
2.558 0.010 0. 024 -0.023 0.025 0. 048 0. 054 -0.023 
2.700 0.010 0. 025 -0.01B 0.025 0. 053 0. 059 -0.01B 
2.B49 0. 009 o. 015 -0.022 0.015 0. 049 0. 051 -0.023 
3.006 0. 009 0. 013 -0.027 0.013 0.044 o. 046 -0.027 
3. 170 O.OOB 0. 025 -0.020 0.025 0. 051 0. 057 -0.020 
3.344 O.OOB 0. 022 -0.014 0.023 o. 057 o. 061 -0.014 
3. 528 0.007 0. 017 -0.013 0.01B 0.05B o. 060 -0.014 
3. 722 0. 006 0. 011 -0.016 0.011 0. 055 0. 056 -0.016 
3. 928 0.005 0. 021 -0.014 0.021 0.057 0. 061 -o. 015 
4. 147 0. 005 0. 043 -0.006 0.043 0. 065 0. 078 -0.006 
4.379 0.004 0. 016 -0.001 O.OH, 0. 071 0. 073 -0.001 
4. 627 0.004 -0. 008 -0.009 -o. 007 0. 062 0. 062 -0.010 
4.890 0.002 0. 016 -0.002 0.017 0. 069 0. 071 -0.002 
5. 171 0. 002 0. 016 0.003 0.016 0.074 0. 076 0.003 
O'.) 5. 470 0.001 0. 007 0.001 0.007 0. 072 0. 073 0.001 0 5. 788 0.000 0. 000 -0. 005 0. 001 0.067 0. 067 -0.005 
6. 127 0.000 0. 010 -0.001 0.010 0.071 0. 071 -0.001 
6.486 0. 000 0. 010 0. 002 0.010 0. 073 0. 074 0.002 
6.866 0. 000 0. 007 0.005 0. 007 0.076 0. 076 0.005 
7.267 0.000 0. 002 0. 005 0.002 0.077 o. on 0.005 
7.687 0.000 0. 003 0.002 0.003 0. 073 0. 073 0.002 
8. 125 0. 000 0. 004 0.002 0.004 0.074 0. 074 0. 002. 
8. 579 0.000 0. 003 0.003 0.003 o. 075 0. 075 0.003 
9. 045 0. 000 0.000 o. 004 0.000 0.076 0. 076 0.004 
9. 520 0.000 0. 000 0. 003 0.000 0. 075 o. 075 0.003 
10.000 0. 000 0.000 0.003 0.000 0.074 0. 074 0.003 
Table lJ, -Data on the free surface from RUN028. 
R H YR vz UR Uz u u -u m Z e 
0.000 0. 176 0. 000 0. 567 0. 000 0. 762 0. 762 0.691 
0.042 0. 179 0. 007 0. 500 0.003 0.678 0. 678 0.606 
0. 083 0. 178 0. 077 0.437 0.088 0. 601 0. 608 0. 530 
0. 124 0. 173 0. 164 0. 442 0. 189 0. 601 0. 630 0. 529 
0. 164 0. 165 0. 217 0.455 0.264 0. 611 0. 665 0. 539 
0. 204 0. 153 0. 231 0.435 0.279 0. 598 0. 660 0. 527 
0. 245 o. 141 0. 283 0. 378 0. 329 o. 544 0. 636 0.472 
0.285 0. 131 0. 292 0. 385 0.332 0. 544 0. 637 0.472 
()) 0.326 0. 121 0. 295 0.370 0. 329 0. 518 0. 614 0.446 
p 0.367 0. 112 0. 212 0. 321 0.240 0. 455 0. 515 0.384 
0. 409 0. 103 0. 138 0. 225 0. 162 0.345 0. 38. 0.273 
0.451 0. 094 0. 200 0. 155 0.224 0. 262 0. 344 0. 190 
0. 493 0.085 0. 186 0. 114 0. 209 0. 210 0.296 0. 139 
0. 535 0.075 0. 181 0. 103 0.202 0. 192 0.279 0. 120 
0. 578 0.064 0. 094 0.079 0. 115 0. 160 0. 198 0.089 
0.621 0. 053 0. 097 0. 005 0.•117 0. 084 0. 144 0.012 
0. 664 0.042 0. 108 -0. 040 0. 127 0. 036 0. 132 -0.035 
0. 708 0.033 0. 104 -0.064 0. 119 0. 011 0. 119 -0.061 
0.753 0.024 0. 142 -o. 063 0. 155 0.010 0. 155 -0.061 
0. 799 0.018 0. 089 -0.052 0. 099 0. 020 0. 101 -0.052 
0. 845 0. 012 0. 048 -0. 065 0.055 0. 006 0. 056 -0.065 
0. 893 0. 008 0. 063 -0. 079 0. 069 -0.009 0. 069 -0.080 
0.941 0.004 0. 079 -0.077 0. 083 -0. 007 0. 084 -0.079 
0. 990 o. 001 0. 066 -0.069 0. 070 0. 001 0. 070 -0.071 
1. 039 -0. 001 0. 014 -0.051 0. 017 0.019 0. 025 -0.053 
1. 090 -0.003 0. 033 -0. 059 0. 035 0. 011 0. 036 -0.061 
1. 141 -0.003 0. 052 -0. 048 0.053 0. 022 0. 057 -0.050 
'rable lJ.- Continued 
1. 193 -0.004 0. 024 -o. 103 0.024 -o. 033 0. 040 -o. 104 
1. 246 -0.003 0. 141 -0.057 0.140 0.013 0. 141 -0.059 
1. 301 -0.002 0. 044 -0.068 0.042 o. 001 0.042 -0.071 
1. 356 -0.001 0. 067 -0.041 0.066 0. 028 0. 072 -0.044 
1. 413 0.000 0. 027 -0.052 0.026 0.017 0. 031 -0.055 
1. 470 0.000 0. 036 -0.046 0.036 o. 023 0. 042 -0 .. 049 
1. 530 0.001 o. 016 -0.048 0.016 o. 020 0. 026 -0.051 
1. 590 0.001 o. 003 -0.057 0 .. 003 o. 011 0. 012 -0.060 
1. 652 0.001 0. 020 -0.059 0.020 0. 010 0. 023 -0.062 
1. 716 0.001 0.033 -0.052 0.034 0.017 0. 038 -0.055 
1. 781 0.001 o. 020 -0.053 0.020 0. 016 0. 026 -0.055 
1. 848 0.000 0. 014 -0.058 0.014 0. 012 0. 019 -0.059 
1. 917 0.000 0. 028 -0.064 0.029 o. 006 0. 029 -0.065 
1. 988 0.000 0. 028 -0.053 0.028 0. 017 0.033 -0.054 
co 2.061 0.000 0. 044 -0.043 0.044 0. 027 0.052 -0.045 
I\) 2. 136 0.000 0.035 -0.026 0.036 0. 045 0. 057 -0.027 
2.214 0.000 0. 022 -0.026 0.022 0. 045 ·O. 050 -0.027 
2.294 0. 000 0. 026 -0.031 0.026 0. 040 0. 048 -o. 031 
2. 377 0.000 0. 016 -0.038 0.016 0. 033 o. 037 -0.038 
2.463 0.000 0. 053 -0.043 0.053 0. 028 0;060 -0.043 
2.552 0.000 0. 036 -0.026 0.036 0. 045 0. 057 -0.027 
2.644 0.000 0. 020 -0.020 0.020 0. 051 0:054 -0.021 
2. 740 0.000 0. 016 -0.021 0.016 0. 050 0. 053 -0.021 
2.839 0.000 0. 002 -0.033 0.002 0. 038 0. 038 -0.033 
2.943 0.000 0. 021 -0.036 o. 021 0. 035 0. 041 -0.037 
3.050 0.000 0. 040 -0. 028 0.040 o. Q43 0.058 -0.029 
3. 162 0.000 0. 027 -0.032 0. 027 0. 039 0. 047 -0.032 
3.279 0. 000 0. 029 -0.034 0.029 o. 038 0. 048 -0.034 
3.402 0.000 0. 036 -0.003 0.036 0. 068 0. 077 -0.004 
3. 529 0.000 -0. 007 -0.009 -o. 007 o. 062 0.063 -0.009 
3.663 .o. 000 0. 021 -0.012 0. 021 0. 059 0. 063 -0.012 
3.803 0.000 0. 025 -0.012 0.025 0. 059 0. 064 -0.012 
3.949 0.000 0. 023 -0.015 0. 023. 0. 056 0. 061 -0.015 
•rable 1J.- Continued 
4. 103 0. 000 0. 042 -0.005 0.042 0.066 0. 078 -0.005 
4.264 0. 000 0. 018 -0.010 0.018 0.062 0. 064 -0.010 
4. 433 0.000 0. 029 -o. 008 o.02q 0.064 0. 070 -0.008 
4.611 0.000 0. 022 -0.007 0.022· 0.064 0. 068 -0.007 
4. 799 0. 000 0. 033 0. 000 0.033 0.072 o. 079 0.000 
4. 995 0.000 0. 017 o. 006 0.017 o. 078 0. 080 0.006 
5.202 0.000 0. 010 0. 008 0.010 0.080 0. 081 0.009 
5. 419 0. 000 0. 003 0. 002 0.003 o. 074 0. 074 0.003 
5. 648 0.000 0. 007 -0.007 0.007 0. 065 0. 066 -0.006 
5.887 0.000 0. 010 -0.006 0.010 0. 066 0. 067 -0.005 
6. 139 0.000 0. 030 0. 000 0.030 0.072 0. 078 0.000 
6. 403 0. 000 0. 014 0. 007 0.014 0.079 0. 080 0.008 
6. 679 0. 000 0. 003 0.009 0.003 0.081 0. 081 0.009 
6.967 0.000 0. 002 0.005 0.002 0.077 0. 078 0.006 
()) 7.268 0. 000 0. 005 0.002 0. 005 0.075 0.075 0.003 \.,J 
7. 579 0.000 0. 003 0.002 0.003 0.075 0. 075 0.004 
7.902 0.000 0. 002 0. 001 0.002 0.075 0. 075 0.003 
8. 235 0. 000 0. 004 0. 002 0.004 0. 075 0. 075 0.004 
8. 576 0. 000 0. 001 0. 005 0.001 0. 078 0. 078 0.007 
a. 925 0.000 0. 001 0. 004 0.001 0.090 0. 090 0.018 
9. 280 0.000 0. 000 0. 004 0.000 0. 105 0. 105 0.034 
9.639 0.000 0. 000 0.003 0.000 0.061 ·O. 061 -0. 011 
10. 000 0.000 0. 000 0.003 0.000 0.022 0. 022 -0.050 
Table 14. -Data on the free surface from RUNOJ1. 
R H VR vz UR Uz um U -U Z e 
0.000 0.338 0. 000 o. 288 -o. 006 0. 454 0. 454 0. 382 
0.018 0.338 0. 277 o. 514 o. 279 0.671 0. 726 0.599 
0.036 0.337 0. 097 o. 711 0. 106 o. 860 0. 866 0. 788 
0.053 0.336 0. 189 0.655 o. 206 0. 803 0.829 0. 731 
0.071 0.333 0. 445 o. 584 0.469 0. 732 0. 870 0.661 
0.088 0.330 0. 374 o. 694 o. 407 0.843 0. 936 0.772 
0. 105 0.326 0. 291 0. 725 0. 334 0.878 0. 939 0.806 
0. 121 0. 320 0. 406 0.687 o. 459 0.843 0. 960 0. 772 
0. 138 0.314 0. 525 0. 711 0.590 0. 874 1. 054 0.803 
0. 154 0.308 0. 484 o. 589 o. 563 0. 761 0. 947 0.690 
CD 0. 170 0.300 0. 102 o. 906 0.202 1. 090 1. 108 1. 018 +:"' 
0. 185 0. 291 0. 499 0.471 0.620 o. 678 0. 919 0. 606 
0.201 0. 281 0. 737 0.630 0.881 0.868 1. 237 0. 797 
0.216 0.272 0. 699 o. 586 0.860 o. 855 1. 212 0. 783 
0.232 0. 263 0. 655 o. 529 0.830 0. 826 1. 171 0.754 
0.248 0.253 0. 895 0.658 1. 079 0. 974 1. 454 0.902 
0.264 0.244 0. 790 0. 218 o. 977 o. 540 1. 117 0.469 
0.280 0. 235 0. 668 o. 577 o. 844 0. 882 1. 221 0. 811 
0.296 0.226 0. 394 o. 667 0.558 0. 955 1. 107 0.884 
0.313 0. 216 0. 537 o. 294 0.684 0. 554 0. 880 0.482 
0.329 0. 207 0. 841 -o. 181 o. 967 0.044 0. 968 -0.027 
0. 346 0. 198 0. 823 0.435 0.930 0. 63Q 1. 124 0.559 
0.362 0. 189 0. 418 o. 348 0. 509 0. 516 0. 725 0.444 
0. 379 0. 179 0. 602 0.066 0.680 0. 209 0. 711 0. 137 
0.396 0. 170 1. 047 -0.006 1. 112 0. 116 1. 118 0.044 
0.414 0. 161 0. 573 o. 204 0.630 0. 309 0. 701 0.237 
0.431 0. 151 o. 478 o. 166 0. 527 0. 257 0. 586 0. 185 
Table lh,- Continued 
0.449 0. 142 0. 454 0. 051 0. 495 o. 128 0. 511 
0.056 
0.467 0. 132 0. 570 0. 059 0.606 0. 128 0. 619 
0.056 
0.486 0. 122 0. 280 o. 079 0.312 o. 139 0. 342 
0.067 
0.504 0. 113 -0. 067 -0.026 -0.039 0.027 0. 048 
-0.045 
0. 523 0. 103 0. 345 -o. 175 o. 369 -o. 129 0. 391 
·-0.200 
0.542 0. 092 0.243 -o. 173 0.266 -o. 130 0. 296 
-0.202 
0.562 o. 082 0. 349 -o. 142 0.370 -o. 103 
0. 384 -o. 174 
0. 582 0.072 0. 269 -0.095 0.288 -o. 059 0. 2
94 -o. 130 
0.602 0. 061 0. 186 -o. 139 0.205 -o. 103 o. 2
29 -o. 174 
0.622 0. 050 0. 207 -o. 173 0.226 -o. 137 
0. 264 -0.208 
0.643 0. 039 0. 034 -0. 185 0.053 -o. 147 
0. 156 -0.218 
0. 665 0. 030 0. 323 -o. 510 0.341 -o. 469 
0. 579 -0. 540 
0.687 0. 021 0. 221 -0.328 0.237 -o. 283 
0. 369 -0.355 
0.710 0.013 -0. 058 -0.215 -o. 043 -0. 160 
0. 173 -0.239 
0.734 0.007 0. 265 -0.288 0.277 -o. 237 
0. 365 -o. 309 
0) 0. 758 0. 001 0. 612 -o. 167 0.622 -o. 113 
0. 632 -o. 184 
V\ 
0.783 -0.003 0. 104 -o. 125 0. 112 -0.068 
0. 131 -o. 139 
0.809 -0.005 0. 092 -o. 131 0.097 -0.071 
0. 120 -o. 143 
0.836 -0. 006 0. 074 -o. 145 o. 074 -0.084 
0. 112 -o. 155 
0.863 -0.006 0. 058 -o. 156 0.055 -0.095 
0. 110 -o. 167 
0.892 -o. 004 0. 080 -0. 162 0.077 -o. 103 
0. 128 -o. 174 
0.921 -0. 003 0. 024 -0.210 0. 021 -o. 151 
0. 153 -0.223 
0.950 -0. 002 0. 141 -o. 075 0. 138 -0.017 
0. 139 -0.088 
0.981 -0.001 0.023 -0.064 o. 022 -o. 005 
0. 022 -0.077 
1. 012 0.000 0. 051 -0.059 0.050 0.000 
0. 050 -0.071 
1. 044 0. 001 0. 062 -0.074 o. 061 -0. 015 
0. 063 -0.086 
1. 076 0. 001 0.034 -0.069 0.034 -0.008 0.
035 -0.080 
1. 109 0. 001 0. 008 -0.076 0.008 -o. 014 
0. 017 -0.086 
1. 143 0.000 0. 017 -o. 086 0.018 -0.024 
0. 030 -0.095 
1. 179 0. 000 0.023 -0.094 0.024 -o. 031 
0. 039 -o. 102 
1. 215 -0.001 0. 033 -o. 115 o. 034 -0.050 0. 0
61 -o. 122 
1. 252 -0. 001 0. 107 -0. 105 0. 108 -0.040 
0. 115 -o. 112 
1. 290 -0. 001 0. 072 -0.058 0.073 0. 008 0. 0
73 -0.064 
'I'able lh.- Continued 
1. 330 -0.002 o. 040 -0.037 0.040 0. 029 0. 050 -0.042 1. 371 -0.002 0. 018 -o. 044 0.018 0. 022 o. 029 -0.049 
1. 413 -0.002 0. 020 -0.058 0.020 0. 009 0. 022 -0.062 
1. 457 -0.002 0. 020 -0.056 0.020 0. 012 o. 023 -0.060 1. 502 -0.002 0. 021 -0.053 0.021 0. 015 0.026 -0.056 1. 549 -0.002 0.014 -0.055 0.014 O.Ot4 0.020 -0.058 1. 597 -0.002 0. 001 -o. 060 o. 001 0. 008 0. 008 -0.063 1. 648 -0.001 0. 016 -0.065 0.016 0. 004 o. 017 -0.068 1. 700 -0.001 0. 035 -0.062 0.035 0. 007 0.036 -0.065 1.755 -0.001 0. 024 -0.058 o. 023 0. 011 0.026 -0.061 1. 812 -0.001 0. 002 -0.061 0.002 0. 008 0.009 -0.063 1. 871 0.000 0. 034 -o.06, 0.034 0. oo, 0. 034 -0.067 1. 933 0.000 0. 026 -0.051 0.026 0. 019 0.032 -0.053 1. 997 0.000 0. 041 -0.048 0.040 0. 022 0.046 -0.050 
0) 2. 065 0. 000 0. 047 -0.036 0.047 0. 034 0. 058 -0.038 CJ\ 2. 136 0. 000 0. 033 -0.027 o. 033 0.043 0.054 -0.029 2.210 0. 000 0. 021 -0.025 0. 021 0. 045 0.049 -0.027 2.288 0.001 0. 017 -o. 028 0.017 0.042 0. 045 -0.030 2.370 0. 001 0. 001 -0. 041 o. 001 0. 029 0. 029 -0.042 2.457 0.000 0. 030 -0.038 0.030 0. 032 0. 044 -0.039 2. 548 0.000 0. 038 -0.023 0.038 0. 047 0. 061 -0.024 2.644 0.000 0. 021 -o. 020 o. 021 0. 051 0. 055 -0.021 2.746 0.000 0. 016 -0.024 0. 016 0.047 0. 050 -0.025 2.854 0.000 0. 014 -0.032 0.014 0. 039 0. 041 -0.032 2.969 0.000 0. 039 -0. 042 o. 039 0. 029 0. 049 -0.043 3. 090 0. 000 0. 039 -o. 029 0.039 o. 043 0. 057 -0.029 3.220 0.000 0. 045 -0.016 0.045 0. 055 0. 071 -0.017 3.358 0.000 0. 030 -o. 008 0.030 0.063 0. 070 -0.008 3.506 0. 000 0. 001 -0.008 0. 001 0.063 0.063 -0.009 3.664 0.000 0. 017 -0.014 0.017 0. 057 0.059 -0.015 3.833 0. 000 0. 031 -0.011 0.031 0.060 0. 068 -0. 011 4.015 0.000 0. 025 -0.016 0.025 0. 055 0. 060 -0.016 4.210 0.000 0. 053 0.006 0.053 0. 078 0. 094 0;006 
Table llJ..- Continued 
4. 420 0.000 0. 015 -0.008 0.015 0.063 0. 065 -0.009 4.646 0.000 0. 016 -o. 012 0.016 o. 060 0. 062 -0.012 4.890 0.000 0. 021 0.006 0. 021 0.077 0.080 0.006 5. 152 0.000 0. 002 0. 006 0.002 0.077 0. 077 0.006 5.435 0.000 0. 006 0.001 0.006 0.073 0. 073 0.001 5. 740 0. 000 0. 003 -0.006 0.003 o. 066 0. 066 -0.006 6.068 0. 000 0. 016 -0.003 0. OH, o. 069 0.070 
-0.003 6.419 0. 000 0. 004 0.010 0.004 0.081 0. 081 0.010 6. 795 0. 000 0. 002 0. 006 0.002 0.077 0.077 0.006 7. 196 0.000 0. 006 0. 002 0. 006 o. 074 0. 074 0.002 7.620 0.000 0. 003 0.003 0.003 o. 075 0. 075 0.003 8.066 0. 000 0. 005 0.002 0.005 0.074 0. 074 0.002 8. 531 0.000 0:003 0. 004 0. 003 0. 075 0. 075 0.004 9. 011 0. 000 o. 001 0.004 0.001 0. 076 0. 076 0.004 Cl) 9.503 0.000 0. 000 0.004 0.000 0.075 0.075 0.004 ---:> 10. 000 0.000 0. 000 0. 003 0. 000 0.075 0.075 0.003 
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Figure 23, -Comparison of the vertical gas velocities on the surface. 
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Figure 2J. -Comparison of the vertical gas velocities on the surface. 
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Figure 24, -Comparison of the vertical gas velocities 
on the surface, highlighting the area in the ·vicinity of the bubble centerline. 
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Figure 24. -Comparison of the vertical gas velocities 
on the surface, highlighting the area in the vicinity of the bubble centerline. 
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Figure 25. -The shape of the free surface in the vicinity of the bubble. 
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-the bubble approaches eruption. The surface deformation is 
also illustrated by using an elapsed time type of 
graphical display. This elapsed time sequence is given in 
Figure 26. The first frame starts at a point when the 
bubble first visibly begins to affect the shape of the 
free surface. The sequence then moves through each time 
step until the final position is reached. Important 
observations are the movement of the emulsion and the 
thinning of the bulge area ahead of the bubble. 
Another aspect of the surface deformation is to 
compare the bulge thickness, 6, with several other key 
characteristics of the bubble ascent. One interesting 
relationship exists between 6 and the gas flow rate 
through the bubble, evaluated with respect to the moving 
bubble. This relationship is graphically illustrated in 
Figure 27, and shows the marked increase in gas flow 
through the bubble as the bubble appro~ches the surface. 
The bulge thickness is also plotted versus the height of 
the surface at the bubble centerline and is shown in 
Figure 28. This graph shows that 6 and Hbc are 
inversely proportional to each other. 
The time of ascent is another parameter of interest. 
However, instead of using a time variable which starts at 
the release of the bubble, the results have been plotted 
versus Tr, which goes to zero when the bubble 
----
Figure 26. -Time sequence of an erupting bubble. 
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Figure 28. -The height of the surface at the bubble centerline related to the bulge thickness. 
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erupts. Thus, define 
Tr= T(RUN031B) - T 
Figure 29 shows the relationship between A and Tr· 
The thickness of the bulge layer decreases linearly until 
the bubble is very near the surface. The value of Hat the 
bubble centerline, Hc1, is also shown as a function 
of Tr in Figure 30, illustrating the increase in the 
surface height as the bubble approaches the bed free 
surface. 
These results presented above are contained on 
magnetic tape and as hardcopy, and may be found at the 
Energy Research center, Lehigh University, Bethlehem, PA. 
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CONCLUSIONS AND RECOMMENDATIONS 
The results of this study show that the model of an 
erupting bubble at the free surface of a fluidized bed 
presented in this document approximates the actual 
behavior of a physical model. Although this model has 
limited accuracy brought about by its assumptions, it 
nevertheless acts as expected and approximates what has 
been observed by others. 
The conclusions which may be drawn from the results 
which match the expected behavior are: 
1. The bulge thins ahead of the bubble as it approaches 
eruption 
2. The height of the bulge is the greatest at the bubble 
centerline 
3. The shape of the free surface is affected only in the 
vicinity of the bubble 
4. The gas flows into the bottom of the bubble and out of 
the top 
One distinct conclusion can be drawn from the results 
given above. From Figures 19,20,21, and 22, it is seen 
that the gas velocity in the bubble increases as the 
bubble nears the surface. This is highlighted by the gas 
flow analysis, illustrated in Figure 27, which shows an 
98 
increase in the gas flow rate when the bubble is at the 
surface. This clearly indicates that the bubble at the 
surface acts as a short circuit for the fluidizing gas, 
making it possible for much higher gas velocities at the 
location of an erupting bubble than could be possible 
without a bubble. 
One very significant result is that gas escapes 
through the bulge at a greater rate in a perimeter zone 
away from the center of the bulge than it does in the rest 
of the bulge. This is seen from the apparent outward shift 
of the maximum velocity from the centerline in Figure 24, 
and from the thinning of the bulge in the sequence of 
pictures in Figure 26. Notice this also corresponds to an 
increase in the gas velocity magnitude through the bubble 
at approximately 8=25 deg. 
If true, this gives analytic support to recent 
experimental findings that erupting bubbles produce a 
vortex motion in the gas above the free surface (3). This 
statement is made with extreme caution, since the 
numerical results are not yet sufficiently complete to be 
conclusive. However, the trend seems to suggest this is 
so. 
The model presented to date 
the behavior of a fluidized bed as 
only a first step toward 
99 
is an effort to examine 
a bubble erupts. It is 
achieving the goal of 
understanding the phenomenon of elutriation. Improvements 
can be made to the model in order to build on what was 
learned in this study. Some of the improvements may be: 
1. Allow the voidage to vary 
2. Improve the numerical methods 
3. Allow the shape of the bubble to be more realistic 
4. Use a surface which is not flat 
S. Use various values for Ue 
These suggestions can enhance the quality of the results 
achieved · above and may lead to more significant 
discoveries. 
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for 
NOMENCLATURE LIST 
u velocity of fluidizing gas 
u dimensionless u 
ue interstitial velocity of fluidizing gas 
Ue dimensionless Ue 
v velocity of the particles 
v dimensionless v 
~ potential of the particle velocity 
~ dimensionless~ 
vb absolute velocity of the bubble 
p pressure of the fluidizing gas 
Po pressure of the fluidizing gas above the 
bed 
p 
r 
dimensionless p 
radial coordinate 
system 
in cylindrical coordinate 
R dimensionless r 
z 
z 
e 
axial coordinate in 
system 
dimensionless z 
angular coordinate in 
cylindrical coordinate 
cylindrical coordinate 
system, angular location on bubble surface from 
upper bubble centerline 
1 OJ 
ebc angular location on bubble surface at which 
eqn. (21d) is applied 
n surface height from original undisturbed 
surface, vertical isoparametric coordinate 
H dimensionless n 
Frd Froude number dimensionless group 
t time 
T dimensionless t 
Tr TRUN031 - T 
rb bubble radius 
db . bubble diameter 
Ps density of the particle solid 
Pf density of the fluidizing gas 
Pb bulk density of the particulate phase 
emf voidage at minimum fluidization 
~ horizontal isoparametric coordinate 
N shape function matrix andior its components 
~ dimensionless bulge thickness at bubble 
centerline 
W residual gas flow through bubble 
k permeability constant 
g acceleration due to gravity 
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APPENDIX 
Derivation of the Dimensionless Group, Ue 
This derivation starts with equation (9c): 
\! = y-kVp ( 9c) 
Using the dimensionless groups found in chapter 3, this 
equation becomes: 
(A .1) 
Therefore, let: 
(A ,2) 
First, verify that K is dimensionless. The term k(del(p)) 
must have units of LIT, meaning that k has units of 
FT/(L4). Thus: 
(K) = ~3 • ..!! • ..!! 4 • .! _FT2 = 1 L T2 FT L ML (A,3) 
Next, an appropriate expression fork must be found. This 
comes from Davidson [6]. He noted that at a great distance 
from the bubble, the interstitial gas velocity is directly 
proportional to the pressure gradient, or: 
u - k~, e - ·az mf (A.4) 
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Now, in the undisturbed state of minimum fluidization, the 
pressure can be taken to be the hydrostatic pressure and 
the gradient is: 
(A,5) 
leading to a permeability coefficient of: 
(A .6) 
Substituting this into equation (A.3) yields: 
(A. 7) 
Since this study is concerned only with gas fluidized 
systems, and since the density of gas 
compared to the density of the solids, the 
permeability constant is actually a 
interstitial gas velocity and may written: 
u· = K = u /v.b e e 
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is negligible 
dimensionless 
dimensionless 
. (A. 8) 
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